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Problem Definition

MDP : (S,A, T , r, T, P0)

State space− S
Action space−A
Transition operator− T : S ×A → ∆(S)
Reward function− r : S ×A → [−1, 1]

Horizon− T

initial state distribution− P0
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Problem Definition

• Policy class: Π = {π : S → ∆(A)}
• Trajectory: τ = (st, at)

T
t=1

τ ∼ π means that τ is generated by s1 ∼ P0, at ∼ π(st) and
st+1 = T (st, at)

• Value function : V π
t (s) = E

[∑T
t′=t r(st′ , at′)

∣∣∣τ ∼ π, st = s
]

• Q-value function: Qπ
t (s) = E

[∑T
t′=t r(st′ , at′)

∣∣∣τ ∼ π, st = s, at = a
]

• Advantage function: Aπ
t (s, a) = Qπ

t (s, a)− V π
t (s)

• Performance: J(π) = E
[∑T

t′=t r(st′ , at′)
∣∣∣τ ∼ π

]
• Imitation Gap: J(πE)− J(π)
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Problem Definition

• Fr = {f : S ×A → [−1, 1]} : class of reward functions

• FQ = {f : S ×A → [−T, T ]} : set of Q functions induced by
sampling actions from some π

• FQE
= {f : S ×A → [−1, 1]}: set of Q functions induced by

sampling actions from πE
• F = {f : S ×A → R} is convex, compact, closed under negation,
and finite dimensional
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Problem Definition
Moments

Reward:

J(πE)− J(π) = Eτ∼πE

T∑
t=1

r(st, at)− Eτ∼π

T∑
t=1

r(st, at)

= Eτ∼π

T∑
t=1

−r(st, at)− Eτ∼πE

T∑
t=1

−r(st, at)

≤ sup
f∈Fr

[
Eτ∼πE

T∑
t=1

f(st, at)− Eτ∼πE

T∑
t=1

f(st, at)

]
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Problem Definition
Moments

Off-policy Q:

J(πE)− J(π) = Eτ∼πE

[
T∑
t=1

Qπ
t (st, at)− Eτ∼π(st)Q

π
t (st, at)

]

≤ sup
f∈FQ

Eτ∼πE

[
T∑
t=1

Eτ∼π(st)Q
π
t (st, a)−Qπ

t (st, at)

]
(Qπ

t ∈ FQ∀π ∈ Π, r ∈ Fr)

Need to justify using the performance diff lemma
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Problem Definition
Moments

On-policy Q:

J(πE)− J(π) = −Eτ∼π

[
T∑
t=1

QπE
t (st, at)− Eτ∼πE(st)Q

πE
t (st, at)

]

≤ sup
f∈FQE

Eτ∼π

[
T∑
t=1

Qπ
t (st, at)− Eτ∼π(st) [Q

π
t (st, a)]

]
(QπE

t ∈ FQE
∀r ∈ Fr)

In realizable setting, πE ∈ Π,FQe ⊆ FQ.
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Problem Definition
Moment matching games

2 player minimax game:

1 Learner (min player): select policy π ∈ Π

2 Discriminator (max player): select function f ∈ F
F = {f : S ×A → R} is convex, compact, closed under negation,
and finite dimensional.
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Problem Definition
Moment matching games

Payoff Functions:

1 On-policy reward:

U1(π, f) =
1

T

(
Eτ∼π

T∑
t=1

f(st, at)− Eτ∼πE

T∑
t=1

f(st, at)

)

2 On-policy Q:

U1(π, f) =
1

T

(
E τ∼π
a∼π(st)

T∑
t=1

f(st, a)− Eτ∼πE

T∑
t=1

f(st, at)

)

3 Off-policy Q:

U1(π, f) =
1

T

(
Eτ∼π

T∑
t=1

f(st, at)− E τ∼π
a∼πE(st)

T∑
t=1

f(st, at)

)
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Approximate Equilibria

A pair (π̂ ∈ Π, f̂ ∈ F) is a δ-approximate equilibrium solution if

sup
f∈F

Uj(f, π̂)−
δ

2
≤ Uj(f̂ , π̂) ≤ inf

π∈Π
Uj(f̂ , π) +

δ

2
.

An imitation game δ-oracle ϕ{δ}(·) takes payoff function U and return
(kδ)-approximate equilibrium strategy for the policy player.
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MDP examples
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Performance Bounds
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Performance Bounds

Proof.

J(πE)− J(π) ≤ sup
f∈Fr

(
Eτ∈π

T∑
t=1

f(st, at)− Eτ∈πE

T∑
t=1

f(st, at)

)

≤ sup
f∈F

(
Eτ∈π

T∑
t=1

2f(st, at)− Eτ∈πE

T∑
t=1

2f(st, at)

)
= 2T sup

f∈F
U1(π, f) ≤ 2Tε.
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Performance Bounds

Proof. Consider CLIFF example with r(s, a) = −1sx − 1a2 and a perfect
expert that never takes a2. If P (a2|s0) = ε, the optimal discriminator
would be able to penalize the learner on average ε per step for T steps.
Therefore, J(πE)− J(π) = εT ≤ Ω(εT ).
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Recoverability

considering skipping
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Algorithms
Theoretical guarantees

Goal: Construct the oracle.

Assumptions:

1 State is finite

2 Policy class is complete

Approach:

1 Outer player follows a no regret strategy

2 Inner player follows a best response strategy

BD (UA) Moments and Matching 17 / 27



Algorithms
Theoretical guarantees

An efficient no-regret algorithm over a class X produces
x1, . . . , xH ∈ X that satisfy the following property for any sequence of loss
functions l1, . . . , lH :

Regret(H) =

H∑
t

lt(xt)−min
x∈X

H∑
t

lt(x) ≤ βX (H)

where βX (H)
H ≤ ε holds for H that are O(poly(1/ε))
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Algorithms
Theoretical guarantees

Outer player Inner player Application

Primal Learner Discriminator Off-Q, On-Q

Dual Discriminator Learner Reward
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Algorithms
Theoretical guarantees
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Algorithms
Proof of theorem 1: Primal case

Goal: Find π̂ such that maxf∈F Uj(π̂, f) ≤ δ

Procedure:

1 For t = 1, . . . , N do:
• No-regret algorithm to find πt

• Set f t to be the best response to πt

2 Return π̂ = πt∗ , t∗ = argmint Uj(π
t, f t)
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Algorithms
Proof of theorem 1: Primal case

By the no-regret assumption with lt(π) = Uj(π, f
t):

1

N

N∑
t

Uj(π
t, f t)− 1

N
min
π∈Π

Uj(π
t, f t) ≤ βΠ(N)

N
≤ δ

for N = poly(1/δ). Since πE ∈ Π,

min
t

Uj(π
t, f t) ≤ 1

N

N∑
t

Uj(π
t, f t) ≤ δ

Since f t is the best response to πt:

min
t

max
f∈F

Uj(π
t, f) ≤ δ
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Algorithms
Theoretical guarantees

Integral Probability Metric (IPM):

sup
f∈F

{Ex∼P1 [f(x)]− Ex∼P2 [f(x)]}

In our case: (IPM ojective)

sup
f∈F

T∑
t=1

{Ex∼π[f(x)]− Ex∼πE [f(x)]}

Need to connect this IPM to the imitation gap or payoff functions
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Algorithms
Off-Q

AdVIL: Adversarial Value-moment Imitation Learning
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Algorithm: Off-Q
Derivation
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Algorithms
Reward

AdRIL: Adversarial Reward-moment Imitation Learning
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Algorithms
On-Q

DAeQuIL: DAgger-esque Qu-moment Imitation Learning
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